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Strong Decay to Equilibrium in
One-Dimensional Random Spin Systems
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We consider a spin system on a lattice with finite-range, possibly unbounded
random interactions. We show that for such systems the Glauber dynamics can-
not decay to equilibrium exponentially fast in L, even at high temperatures.
Additionally, for one-dimensional systems with unbounded random couplings
we prove that with probability one the corresponding Glauber dynamics has a
fast (subexponential) decay to equilibrium in the uniform norm, provided that
the distribution of random couplings satisfies some exponential bound.

KEY WORDS: Stochastic dynamics; random spin systems; logarithmic
Sobolev inequality with local coefficients; strong decay to equilibrium.

1. INTRODUCTION

The equilibrium description of lattice spin systems with random interac-
tions at high temperatures is relatively well studied (see refs. 1, 4, 3, 7, and
11, and references given there). In the present paper we make a first
attempt to make progress in the study of the corresponding stochastic
dynamics.

We consider a spin system on a lattice Z“ defined by the following
interaction energy:

Us= -3 Jypo,0; (1.1)

nn

with nn indicating the summation running over the nearest-neighbor pairs
intersecting a finite set 4 = Z4 and with spins o;, g, taking values from a
finite set M c R. The couplings J;; € R are iid. random variables with a
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distribution E, satisfying E |J; ;| < co, where we have used a particular case
of the notation EF EjF dE for an expectation of a function F with the
probability measure E. By J we denote a configuration of random
couplings, ie., J={J;;} .z If the dimension d=1, we will assume that
the random couplings are unbounded; otherwise the result of ref 12
applies.

Let u, be a free measure on Q=MZ, defined as the product of
uniform measures on M and, for 4 € 74, let #g denote its restriction to the
sigma algebra generated by the spins o,, ie A. The expectation of a
function f with a probability measure x4 on £ will be denoted by
u(f)=puf={ [ du. Later we will need the following discrete gradient:

Vifsuof—f
and the following seminorm:

=2 Ivisl.,

with ||-||, denoting the supremum norm.

Let & denote the family of all finite sets in Z% For every set 4 € % we
define a finite-volume Gibbs measure 47, with external conditions given by
a configuration o e MZ as follows:

A, - UAF
wp =6, () (12)

Ho€

where 6, denotes the Dirac measure at o€ Q.

It is known'*>7 that (with probability one) the described random
spin system has a unique infinite-volume Gibbs measure y,. Moreover the
measure ¢, has an exponential decay of correlations in the sense that there
is a positive nonrandom constant M such that for any two local functions
F and G (ie., functions dependent only on a finite number of spins) we
have

lu5(FG) — u5(F) u,(G) < C(J, F, G)e ™M =R O (1.3)

with some positive random variable C(J, F, G).
In the present paper we consider the corresponding stochastic
dynamics defined by the generators

gﬁ.azg.{maf‘snf Z Lxvi (14)

X+ica

with
$X+if(a)zgx+i,.)f(a)Elu‘/,\’+i,.lf_f(a) (15)
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for some Xe #. Let
P;‘,‘A‘aEP;Y'J'A'”ECXP([..?{U) (16)

denote the corresponding semigroup. If 4 =277 we will omit the corre-
sponding index. Then we will omit also the index o, because as one can
show, the corresponding dynamics is independent of it. Additionally, to
simplify the notation, we will omit the index J whenever this will not lead
to confusion. Thus we will use the following notation for the infinite-
volume Glauber dynamics:

P =P}l =exp(t¥]) =exp(1¥#¥)
with the corresponding generator

L= Y Lyy
iez?

Let us recall that the generator £} can be extended in L,(u,) to a
self-adjoint (unbounded) operator, which will be denoted later by the same
symbol.

We are interested in the ergodicity question for the Glauber dynamics
P}'. That is, we want to know what is the best estimate of the quantity
|PYYf—p,f] when time ¢ increases to infinity, which is true with
E-probability one.

In the situation of nonrandom spin systems, it is believed that in the
uniqueness region the decay to equilibrium for every Glauber dynamics P¥
is essentially the same as the decay of correlations for the unique Gibbs
measure. We will show that this cannot be true for all random spin systems
for which (1.3) holds. Namely we will prove the following result.

Theorem 1.1. Suppose that
E{J, 27} >0 (1.7)

for all Je(0, o0) if d=1, or when d>1 for some sufficiently large J> 0.
Then with E-probability one, we have

M= LIS
S#0 NJ(f_ﬂJf)z

ie., the self-adjoint operator — %7 in L,(u,) has no spectral gap.

0 (1.8)

The proof of this result (using similar arguments as those employed to
get the Griffiths singularities) is given in Section 2. By a simple use of the
spectral theorem, this result clearly implies that (when one allows suf-
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ficiently large couplings) the decay to equilibrium cannot be exponentially
Jast and therefore it should be qualitatively different than the decay of
correlations (1.3).

To answer the question of what could be the decay to equilibrium, we
study later in Sections 3 and 4 a simple one-dimensional model with
unbounded couplings (otherwise the results of ref. 12 would apply). Using
a version of multiscale analysis (which is already quite involved in one
dimension), we show the following result.

Theorem 1.2. Suppose that there are constants ae(0,1) and
Be (0, o) such that for some - e (0, oc) we have

Eexp(zJ; ., |")<B (1.9)

Then for any dynamics P}’ we have the strong decay to equilibrium, ie.,
the following estimate holds with E-probability one with arbitrary constant
0€(0,1) for any local function f:

“P;\’.Jf_.qu”uscz)'(J’ X7 _f)e_lts (110)

with some random variable Cy(J, X, /) €(0, o).

In view of Theorem 1.1, the above result is the best possible.
The basic ingredients of the proof of Theorem 1.2 are the following:

o The finite speed of propagation of interaction, ie., the following
bound: For every 4 €(0, o) we have

1P f—Plfllu<e ™ I A (%)
for every local function f and every se [0, ] with ¢ satisfying

dist(f, A) = Cr (1.11)

for some positive constant C dependent only on the choice of the
constant A4.

This estimate easily follows by standard arguments (see, e.g., ref. 8),
since by our definition the rates of the dynamics are uniformly bounded
from above.

*» The logarithmic Sobolev inequality with local coefficients, ie., the
inequality

RGP log f< Y eus IV fI12+ul 2 log(u®, 7)) (LLS)

ieA
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with some c¢;=c,(J)e(0, ov) satisfying (with E-probability one) the
following sublinear growth condition:

¢, <CI[1+d0,i)] (%)

with some ye (0, 1) and positive random variable C(J) for every function
f=0.

The proof of (LLS) in our setting is given in Section 3. From the
above two properties, the main result follows by use of the ideas of ref. 5
(see also refs. 6, 8, and 9). For the reader’s convenience we give the corre-
sponding details in Section 4.

One can hope that the ideas of the present paper will be of use in
understanding also the intriguing problem of the decay to equilibrium for
disordered spin systems on a higher-dimensional lattice.

2. NO SPECTRAL GAP PROPERTY

Let us consider a spin system on a lattice Z¢ de N, described by the
interaction

Us= -3 Jyo,0; (2.1)

nn

with summation running over the nearest neighbors and J being i.i.d.
random variables with a distribution E. Let

_gg:y{: Z $X+i.J (2.2)

iezd

be the generator of the Glauber dynamics defined in Section 1. Then we
have the following result.

Theorem 2.1. Suppose that
E{Jy=J} >0 (2.3)

for all Je(0, oo) if d=1, or when d> 1 for some sufficiently large J> 0.
Then with E-probability one, we have

(=2
f _— =
flilo ,uJ(f_/'lJf)z

i.e., the self-adjoint operator — %7 in L,(u,) has no spectral gap.

(24)
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Proof. First let us consider the single-spin-flip case, i.e., dynamics
defined with X =0. Suppose, for a box 4 < Z and a positive number J, a
configuration J satisfies

Y(ii')c 4, Jo=J and VieAd,i'edd, |J;|<1 (25)
For such a configuration J we have

Bl =N _ yoron S LTSI
sl f=uy V¥ w3 S — 5 f)?
a4

where 45", respectively #5", denotes an infinite-volume measure corre-
sponding to the interaction (2.1) with J, =0 il ie 4 and i’ e Z7\ 4, respec-
tively the corresponding generator of the Glauber dynamics; the constant
Ce(0, o) is independent of A, the configuration J satisfying (2.5), and a
function f. If we now restrict ourselves to the functions / dependent only
on spins in A, using the result of ref. 10, for d> 2, we get

H(=L3N SN i HFad=Za o)

— SC (J)e—.la‘ 184
R s B PR Ve S

(2.6)

[#0
Sa)=flag)
(2.7)

with some constant C(J)€ (0, ocv) and a constant a* > 0 independent of J.
Combining (2.6) with (2.7) and choosing Je (0, o) sufficiently large, we
see that, if 4 is sufficiently large, for every ¢ >0 we get

(=L )
P T ns <

To reach a similar conclusion for the one-dimensional case, we use first
similar arguments as in (2.6) and extend the measure to an infinite-volume
measure with purely ferromagnetic interaction of an amplitude J (outside
A). Now we take into account the fact that if A is sufficiently large, we
would not need to make an essential correction when estimating the
infimum of interest to us by replacing it by an infimum over all admissible
(nonlocalized) functions. Finally, we can estimate from above the spectral
gap of the infinite system by the mass gap describing the exponential decay
of correlations for the infinite-volume measure. Since the last is converging
to zero when J converges to infinity, the former also have to converge to
Z€ero.

To finish the proof, we need only to observe that by the Borel-Cantelli
lemma for E-a.e. configuration J there is an arbitrarily large box A such
that (2.5) is true. This ends the proof of Theorem 2.1 for the single-spin-flip
Glauber dynamics.

(2.8)
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Let us note that the proof of the general case in one dimension
requires no changes, since the finite speed of propagation of interaction on
which it is based remains true also for the other dynamics.

To handle the higher-dimensional case, let us remark first that all the
arguments go through if we replace the first requirement in (2.5) by

J+C>J,>J (2.9)

with a constant Ce[1, o0). In this situation we can bound the quadratic
form of a generator £ restricted to the functions in a box A by the quad-
ratic form of &, the generator of the single-spin-flip dynamics, multiplied
by a factor e*/* < ¥ with some numerical constant a > 0. Certainly this
factor can be beaten by the one from the right-hand side of (2.7) for all suf-
ficiently large boxes A. Therefore also in the general case the conclusion of
the theorem remains valid. |

To understand better our result, let us remark that by use of the
spectral theorem we have the equivalence

m=gap,(—L)>0<pu(P, f—puf )’ <e ™ u(f—puf)?  VfeLyu)
(2.10)

where gap,(—.#) denotes the spectral gap of minus a self-adjoint generator
& of the Markov semigroup P,=e'?. Theorem 2.1 does not say that the
estimate such as that on the right-hand side of (2.10) is not possible for a
given function /. (Of course, by abstract arguments, there are functions for
which it is true, although one would not expect that for the local func-
tions.) It does say only that in general to get a bound on the quantity
u(P,f—uf)* we need essentially to know the spectral measure of f
associated to the self-adjoint operator . This is a very interesting and
challenging problem. A technique for solving it is slowly emerging.

In the rest of the paper we show that in the case of one-dimensional
systems, one can obtain more detailed information about the decay to
equilibrium,

3. PROOF OF (LLS)

The proof of (LLS) will be obtained by some modification of the
arguments from ref 12. First of all let us note the following simple
probabilistic lemma, which will play an important role later.

Lemma 3.1. Suppose that there are constants ae€(0,1) and
Be (0, ) such that for some z€(0, co) we have

Eexp(z |J |'*)<B 3.1

ii+1
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Then the following set has E-measure one:

J= {J {I:V, il =N, |/ ;] <a(log(lil +2))*} (3.2)

aeN
NeN
Proof. Let us observe that under our conditions, for any Ne N and
ae N, we have

E{3i, lil 2 N: ;5,1 > allog(lil +2))°}

< Y E{lJi i) =allog(lil +2))}

lilz N

= Y Ef{exp(z|J;,;,,|"*)=exp[za'*log(]i| +2)]}

lilzN

SEexp(z [/, ;11" Y exp[ —za'log(]i] +2)] (3.3)

lilz~N

Hence we see that the rhs of (3.3) can be made arbitrarily small by
choosing a such that a'*z>1 and N sufficiently large. Thus the union of
complements of the sets considered on the lhs of (3.3) has E-measure
one. |

Let us now choose a sequence of lengths {D,eN}, _,. by setting
D,=0 and

D =L>2
Dy =D +[D7] (34)
D_kEDk

with some constants L= L(J) sufficiently large and de(0, 1) sufficiently
small to be chosen later; the symbol [x] denotes the biggest least integer
of the real number x. For later purposes, let us note that by our definition
we have

Dk+1_Dk=[Dz]<[Df—+1]$Di+l (3.5)

Using the just introduced sequence of scales, we define the following two
families of intervals {4} .., I=0, 1, by setting

Aitl)E[D2n+l+laDZ(n+l)+I_1] (36)

To proceed further, we will need to prove first a crude estimate, given in
Lemma 3.3, on the growth of log-Sobolev coefficients for finite-volume
Gibbs measures. In its proof we will use the log-Sobolev inequality for the
free measure and the following simple fact.
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Lemma 3.2 (Bar mass gap). For any 4 € % we have

mep(f—us P <uq Va1 =p 3 IV S1P (3.7

ied
with a mass gap m=m(J, A) satisfying
m=L|A] 7" e 4P Uik (3.8)
In particular, for every J e we have

m(J, A)) > 3 (Do 1y 1+ 1) 72 expf —4a(J)(log(Dyy 4 1)+ +2))}
2a(I Doy 1yt + 177 (3.9)

with some positive constant d(J) and any &’ € (4, 1).

Proof. The proof uses simple “cutting-and-pasting” arguments
(which can be applied in any dimensions). For A€ %, let {i,: k=1,..., |4|}
be a natural ordering of its elements. (In higher dimensions one has to
replace it by a suitably chosen lexicographic order.) Now for any two con-
figurations o, € M? we define an interpolating sequence {o*'e MZ}, _,.
by declaring ¢'® = ¢ and setting

3; if j=i,

a;“s{"i it i<, (3.10)

With this notation we have

o1 5 .
G f=p5 ) =5u5@4%( flo)— f(6))?

N =— 2|

1 2
aeue g T (et fat
1] 27

(3.11)

where g, respectively &, denotes the integration variable with respect to the
measure 49, respectively ji%. Hence by the Holder inequality we get

HA S —ua /<314l ¥ pa®ai(fle®)—fla®~")? (3.12)

k=1.., |A)

Now we note that

1% ® A% fla®) — fla* = 1))?
<% ® % IV, fla®)P + 265, @5 IV, G (3.13)
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Removing the interaction at the point i, (or, if we are at higher dimensions,
on the corresponding hyperplane containing this point) from each term on
the rhs of (3.13), we “cut” the corresponding integrations and replaced
them by integrations with suitable product measures. Next, inserting
suitable interaction, we can “paste” the left piece coming from the one
measure to the right piece coming from the other measure. By this
argument we get the inequality

1Y ® A% fla™) — fla* ~1))2 < det Wy |V, fa™))2 (3.14)

Combining this with (3.10)-(3.13), we arrive to the mass gap inequality
(3.7) with the spectral gap satisfying (3.8). Now the second part of the
lemma easily follows by taking into the account Lemma 3.1, the definition
of interaction, together with the definition of the intervals A" given before
and the following simple inequality true whenever ae (0, 1):

exp{4a(J)(log(D2(n+ I)+l+2))a} Sﬁ(J)(DZ(,,+ 1)+[+ 1)5’—5 (315)

with any ¢’ > ¢ and some constant @ dependent only on a(J) and the choice
of 6'. |

Lemma 3.3 (Bar log-Sobolev coefficients). For any A€ F we have
uo S log f< ey IV f17 +ps f2 log(us f2)'2 (3.16)

with a log-Sobolev coefficient ¢ = ¢(J, A) satisfying
c<c, [A|? e'0supica il (3.17)

for some positive numerical constant ¢,. In particular for every JeJ we
have

(I, APYS Doy 1y 1+ 1) 22 exp{ +6a(I)10g( Dy 4 1y 41+ 2))%}
S I Dy sy ar+ N7 (3.18)
with some positive constants ¢ and ¢, dependent on J, and any §' € (24, 1).

Proof. Applying the logarithmic Sobolev inequality for the free

measure u, with the function
(d/‘mz,,)'/zf
d#ou:,.

it is not very difficult to see that the following inequality is true:

u S log f< C et memiealliys, |y, 1)
+ Cy | A] b memeatUibeys, | £12 4 4% £ log(u? /) (3.19)
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Using this, by standard arguments'> one gets a logarithmic Sobolev
inequality for the measure u% with corresponding coefficient ¢ satisfying

1
c= Cl 94 maXie 4 "UI"u_’_; C2 |A| 96 maxje 4 | Ujliu

A
< max(cl , Cz) e6 maxje 4 | Uillu <|’n_| + 1) (320)

with m denoting the corresponding mass gap. Hence, applying Lemma 3.2,
we obtain (3.17). The inequality (3.18) in the case when J € J follows from
Lemma 3.1, the definition of the sets 4'!”, and inequality (3.15). |

n

We will need another simple fact, namely the following cluster
property of conditional measures.

Lemma 3.4. For any J e J there is L(J) such that for any ne Z and
i=0,1 we have

sup |Gl ViU o) — GV, U o)l Sexp{ ~ M(Dy, .+ 1)} (3.21)
T\ (I) ”Z\A”’ " "
where
Z(i)EA(i)n {A(f+rlnod21)UA(i+mod2‘)}

Proof. To prove (3.21), we note that, for any je Z\A4'", d(j, A"y <1,

n

and for any two configurations ¢ and & coinciding outside a set A\, we

have
d/l ah
i (00, 2)

|/1;<1)(Vj U ) — (V UAm | =
" " dﬂ -1!1

(3.22)

with V;U o localized close to the boundary of AP and du ﬂ,./d;z T

locallzed far from the boundary. Then it is not very hard to see that the
following estimate is true if j is on the left of A!” (other cases being
similar):

d/l —1!:
(322) < IV U gl [T th2iu;l.) (3.23)

# jeAtj.nt)

;u/i{!\

where we have set

A(j’ n, I)E[j+ l’ [(DZ[n+|)+/—D2n+l_2)/2]]

Fixing attention on the case n>0 (the other cases being similar), and
taking Je J, we get

th(2 | U,1l,) < 1 —exp{ —2a(J)(log(i ~ D,, , ))*} (3.24)
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Since for any 6" € (0, 1) we have
exp{ —2a(J)(log(i— D,,, ))*} 2b(I)Ni—D,, . ) ~% (3.25)

with some positive constant b,(J), we get the following estimate:
[T iUl <exp{—=bxADy; 51\ —Doyl)}  (3.26)
ieA(j.nl)

with some positive constant b, = b,(J). Choosing 6" € (0, 36) and using our
assumption about the interaction to estimate the first two factors on the
rhs of (3.23), we obtain

|5l V;U ) =15 V; U g} Sexp{ — M(Dy, )™} (3.27)

with some positive constant M = M(J). This ends the proof of the lemma. ||

Using the above proven lemmas, we will show the following main
result of this section.

Theorem 3.5. Suppose the distribution E satisfies the exponential
bound (3.1) with some a (0, 1). Then there is y e (0, 1) such that for every
AeF, c0eMZ, and Jeld the corresponding conditional measure u%
satisfies the following logarithmic Sobolev inequality with local coefficients:

o filog 1f1< Y e \VifI2+us 2 log(uf )2 (LLS)
ied

where ¢, =c¢,(J)e(0, cv) satisfies (with E-probability one) the sublinear
growth condition

¢, S CI{1+dO,i)}” (3.28)
with some positive random variable C(J).

Remark. Let us note that (LLS) implies a similar inequality with
w— Ly N)f) replacing |V, f|* and new coefficients & =¢&,(X,J)
satisfying also a sublinear growth condition.

Proof. First of all it is easy to see that the product measures

Zflo)y= R #:L"modl’fﬁ keN, k,,q2=kmod?2 (3.29)
neZ
satisfies the following log-Sobolev inequality with local coefficients:

Pflog f< T OBV [P+ S log(Z S (330)

jez
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where c}"’, k e N, satisfies

0<eff' <

J’A(’\'modl) if i Akmodd) Z
{c( o ) if jedl or some ne (331)

otherwise

One can easily see that, as follows from Lemma 3.3, the local coef-
ficients {c*'} satisfy the sublinear growth condition (3.28) for any
ye(0,1).

For a nonnegative function f let us define the following sequence of

functions:
_of if k=0
io{n o o ken (332

Since for every ke N, £ is a regular conditional expectation associated to
the unique infinite-volume Gibbs measure 4, we have

yfra_rlog fi \=u;P Sy log fi
<Y PuyIVifio 1> +uyfrlog £y (3.33)

ieZ

Summing the inequalities (3.33) over k =1,.., N, we obtain

N
uyfPlog <Y Y pye |V fi 11DV +uy(fulog fr)  (3.34)

c=1 ieZ

Let us mention that for & > 2 the corresponding function f, _, is localized
in the set (of length 2R)

AR = Alkmead) ( { ik moaz D (K +moaz D) (3.35)

Therefore the corresponding local coefficients c{*' are determined by the
corresponding log-Sobolev coefficients of the relativizations of the me~sures

uon | EC)

respectively. Using this remark, it is easy to see that for k > 1 we need to
take

(*) —
¢ =

{exp{ZlIU(/Tg‘““’“))"u if jed? for some neZ -, 40

0. otherwise
Let us note that due to Lemma 3.1, the nonzero terms on the right-hand

side of (3.36) satisfy the mild sublinear growth condition [of the form
(3.28) with y > 0 arbitrarily close to zero].
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Remark. Let us note at this point that in the case considered in
ref. 12 the corresponding coefficients are bounded by a constant independent
of the size of the intervals A, (which can be seen, e.g., by using Lemma 5.1
of ref. 5) and therefore Lemma 1.1 is superfluous there.

Now we use analogous arguments as in the proof of Lemmas 1.2 and
1.3 of ref. 12, but now taking into the account our choice (3.4) of the inter-
vals A" with sufficiently large L = L(J) which allows us to apply Lemmas
3.1-3.4. By this we obtain the following bound for k > 2:

Z #J(cgk) IVifr - BEYAN Z #J(cﬁ”(l +Co'1_]) |Vif|2) (3.37)
ieZ ieZ

with some constant 1€ (0, 1) and Cye (0, oo) independent of J [ provided
L(J) is chosen sufficiently large]. By similar arguments as in ref. 12 it is not
difficult to see that in our situation we have also

lim fu=p,f (338)

for any nonnegative local function f. Combining (3.34) with (3.37) and
(3.38), we conclude that LLS is true with the local coefficients satisfying
the mild sublinear growth condition (3.28). This ends the proof of
Theorem 3.5. |

Let us remark that clearly also (with probability one) the infinite-
volume Gibbs measures u; satisfy the logarithmic Sobolev inequality with
corresponding local coefficients satisfying the sublinear growth condition.

4. DECAY TO EQUILIBRIUM

First of all we observe that using the finite speed of propagation
property (*) and the known property of approximation of the infinite-
volume Gibbs measure and assuming that the function f of interest to us
is localized in a set 4 but far from its boundary, we have

IP, f(o)—us f1 <P, flo) = P f(a)| + [P flo) —uf Sl + w5 f =iy f]
<|Plflo)—us f1+ B, fle™* (4.1)

for some constant A4 €(0, oo} provided d(f, 4)= Ct with some positive
constant C; the constant B(J, f)e (0, o0) is independent of A4, o, and ¢.
Next we observe that for any ge[2, o0) we have

|Pof(0) ~ 5 | ={IP{"f(0) —psf 1%}
<N |PRof() s fI T (42)
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where in the last step we have used that the probability of every configu-
ration inside 4 measured with the measure p9 is not smaller than
exp(—2 ||U4Il,). (Let us note that for continuous spins similar arguments
work at the cost of decreasing the time by one.) By our estimates of
Section 3, we get the following hypercontractivity estimate:

(G IPEfC) =pa A1 < {us 1P f() —pa f12}1? (43)
for any g satisfying
2<g<q(t)y=1+e'' ~Oea (44)
with any 8€(0, 1) and

c,=max ¢, <c(J) [A4]” (4.5)
ieAd

for any ye(0,1). Using this together with the fact that by general
arguments (see, e.g., ref. 2) (4.5) implies a spectral gap

|
gapy(—£%) > — (4.6)

A

we arrive at the following bound:
{ud \P1f () —us N1} < e =20 p | f — u5 S19)'2 (4.7)

Since we need to take [A|=[Ct] [to have (4.1)], the estimate (4.5)
together with (4.7) and some simple arguments give us

(g |P1of() —p3 f19} < DI, 8) e~ I fI] (4.8)

with some constants Dy(J, )€ (0, 0) and any d <1 —y. Using this, the
bounds (4.1)-(4.2), and observing that with probability one

1UAlL
) 49
q(t) == (49)

we finally arrive at the desired estimate
P, f(0) =, /1< Cod, fre™" (4.10)

with some constant Cs(J, /)€ (0, o) and 6 <1 —y. This ends the proof of
Theorem 1.2. |
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